In this paper we establish a relation between the non-linearly conserved Newman-Penrose charges and certain subleading terms in a large-r expansion of the BMS charges in an asymptotically-flat spacetime. We define the subleading BMS charges by considering a 1/r-expansion of the Barnich-Brandt prescription for defining asymptotic charges in an asymptotically-flat spacetime. At the leading order, i.e. 1/r 0 , one obtains the standard BMS charges, which would be integrable and conserved in the absence of a flux term at null infinity, corresponding to gravitational radiation, or Bondi news. At subleading orders, analogous terms in general provide obstructions to the integrability of the corresponding charges. Since the subleading terms are defined close to null infinity, but vanish actually at infinity, the analogous obstructions are not associated with genuine Bondi news. One may instead describe them as corresponding to "fake news." At order r −3 , we find that a set of integrable charges can be defined and that these are related to the ten non-linearly conserved Newman-Penrose charges.
Introduction
The asymptotic symmetry group of asymptotically-flat spacetimes, the BMS group and its associated charges, has encountered somewhat of a resurgence in interest recently, whether in the context of flat space holography [1, 2] , its relation to the Weinberg soft theorems [3, 4] or to black holes physics [5] [6] [7] .
The novel feature of asymptotically-flat spacetimes is that their asymptotic symmetry group [8, 9] as one asymptotically approaches null infinity is much larger than the naïvely expected Poincaré group, the symmetry group of Minkowski spacetime. It is the existence of an infinite number of supertranslations that distinguishes the BMS group from the Poincaré group. More precisely, the BMS group is the semi-direct product of conformal isometries on the round 2-sphere with the supertranslations, i.e. angle-dependent translations along future null infinity (see equation (2.27) ): BMS = SL(2, C) ⋉ ST.
(1.1)
Whether viewed from a phase-space [10] [11] [12] [13] or covariant [14, 15] point of view, the existence of an enhanced (infinite) asymptotic symmetry group implies the existence of an infinite number of charges; the BMS charges. Roughly speaking, the BMS charges are constructed by integrating a BMS transformation parameter multiplied by a BMS invariant quantity over the sphere at null infinity. Of course, in the non-linear theory there is the subtle issue that charges will generally not be integrable due to the existence of flux at infinity, associated with gravitational radiation (measured by the Bondi flux, or Bondi news) [8, 13, 15] .
A short time after the BMS group and its associated charges were discovered, another set of (conserved) charges at null infinity was also discovered, known as Newman-Penrose (NP) charges [16] . Newman and Penrose constructed their charges in the framework of the Newman-Penrose formalism [17] . These charges are conserved along null infinity, and are given by the integral over the sphere at infinity of a particular spherical harmonic of a Weyl scalar. In the linearised theory there is an infinite tower of such charges, while in the nonlinear theory the tower collapses to ten such NP charges. Despite the fact that the existence of NP charges requires a leading analytic expansion for the fields around null infinity, which is in general not satisfied [18, 19] , NP charges have also been of interest recently in relation to the existence of conserved charges on the horizon of extremal back holes [20] [21] [22] [23] [24] . In
Ref. [24] , it has been shown that there is a 1-1 correspondence between Aretakis charges on the extremal horizon and NP charges at null infinity of so-called weakly asymptotically-flat spacetimes.
The question that we would like to address here is the relation between BMS and NP charges.
At first glance there is no obvious relation between these two sets of charges, but, given that they are both defined in the asymptotic region of asymptotically-flat spacetimes, it would seem natural that there should exist some connection between them. For simplicity, we shall restrict our attention henceforth to the supertranslations. Generalising to the full BMS group should not be too difficult. However, since the most interesting part is the supertranslations, it makes sense to focus our attention on these transformations.
Recently, it was shown by Conde and Mao in Ref. [25] that in the linearised theory the infinite tower of NP charges may be reinterpreted as subleading BMS charges. The standard BMS charge associated with supertranslations is given by the integral over the sphere at infinity of the Bondi mass aspect, which is supertranslation invariant in the linearised theory, multiplied by a supertranslation parameter. What Conde and Mao realised is that the Bondi mass aspect is but the leading 1/r 0 term in a 1/r-expansion of the uu-component of the linearised metric perturbation δg ab . Furthermore, δg uu is invariant under supertranslations.
This led them to define a new BMS charge at each order in the 1/r-expansion, finding that the subleading BMS charges include the infinite tower of NP charges that exist in the linear theory. 1 Our aim in this paper is to generalise the above result to the full non-linear theory. As pointed out before, this is non-trivial given the existence of flux in the non-linear theory.
Our idea is very simple: we take as our starting point the general expression for asymptotic charges derived by Barnich and Brandt [14] . 2 As defined, the Barnich-Brandt expression can be considered as a 1/r-expansion, the leading 1/r 0 term being the standard BMS charge. Thus, each subsequent term in this 1/r-expansion may be viewed as a subleading BMS charge. We find that at order r −3 , the subleading BMS charges are associated with the non-linearly conserved NP charges.
We begin in section 2 by reviewing properties of asymptotically-flat spacetimes, as defined by Bondi [8] . We explain the fall-off conditions that will be assumed in this paper, the canonical complex null frame for the general metric, the form of the Einstein equations at each order and, most importantly, the BMS group and how it acts on the fields.
In section 3, we consider a 1/r-expansion of the Barnich-Brandt definition of the asymptotic charge adapted to asymptotically-flat spacetimes, defining these to be subleading BMS charges. We analyse the expansion up to order r −3 . In general, the structure of the subleading BMS charges is similar to that of the leading charges; there exist both integrable and non-integrable pieces. At each order, we consider whether the non-integrable pieces can be made to vanish by making particular choices for the supertranslation parameter, finding that this can only be done non-trivially at order r −3 .
The relation of the subleading BMS charges to the Newman-Penrose formalism is clarified in section 4. In particular, we show that the integrable BMS charges at order r −3
correspond to NP charges. We conclude with some comments in section 5.
Asymptotically-flat metrics
Here, we work with the Bondi definition of asymptotic flatness [8, 9] . We introduce Bondi coordinates (u, r, x I = {θ, φ}), such that the metric takes the form
with the metric functions satisfying the following fall-off conditions at large r F (u, r,
where ω IJ is the standard metric on the round 2-sphere with coordinates x I = {θ, φ} and
Moreover, residual gauge freedom allows us to require that
where h ≡ det(h IJ ) and ω ≡ det(ω IJ ) = sin θ. A parameterisation of h IJ , which makes this gauge choice obvious is one for which [9] 2h IJ dx
Note that there are no terms above for f and g at order r −2 because of regularity conditions on the metric [9] .
As will become clear later, both parameterisations for h IJ are useful and, clearly, there is a relation between the two. In particular, we have 6) where the ellipses indicate lower order terms in f and g, such as f 0 and g 0 .
Since we are using the gauge (2.3) in which the determinant of h IJ is equal to the determinant of the round metric on the 2-sphere, this implies that C IJ and D IJ are both trace-free, while
where
Null frame
A complex null frame e µ a = (ℓ a , n a , m a ,m a ) with inverse E µ a ,
may be introduced, where 
Given some arbitrary vector V a , we denote the components in the null basis as follows 13) with the obvious generalisation also to tensors.
Einstein equations
As well as the fall-off conditions (2.2) and the gauge condition (2.3), following Ref. [9] , we assume that the components T 00 and T 0m of the energy-momentum tensor in the null frame fall off as
The Einstein equation then implies that 16) where D I is the standard covariant derivative associated with the round-sphere metric ω IJ .
Furthermore, at higher orders, given appropriate fall-off for energy-momentum tensor components, the Einstein equation would imply the following equations
20)
23)
24)
25) 26) where ≡ D I D I is the covariant Laplacian on the unit 2-sphere.
BMS group
The asymptotic BMS symmetry is determined by imposing that the variation of the metric under the generators of the asymptotic symmetry group respects the form of the metric and the gauge choices. These conditions imply that 3
The u and r-independent function s(x I ) parameterises supertranslations.
We list below the variation of some of the metric components under supertranslations that will be useful later. Some of these variations can also be found in Ref. [15] .
As explained above, the form of the Bondi metric (2.1) is preserved under the action of the BMS group. However, assuming a particular fall-off for the energy-momentum tensor components implies, via the Einstein equations, additional constraints on the metric. Of course, one must be sure that these extra conditions are also preserved under the action of the symmetry group. They will be preserved as long as a particular set of energymomentum tensor components satisfy particular fall-off conditions. More precisely, consider the variation of a particular component
where α and β denote a fixed component of T ab in the null frame, i.e. they are each chosen from the set {0, 1, m,m}. Now, assuming that
Therefore, a necessary condition that the fall-off condition for T αβ be preserved is that T cα and T cβ also satisfy appropriate fall-off conditions. Here, when assuming a particular fall-off condition for a particular component of T ab , we will always assume that the relevant components of T ab also satisfy appropriate fall-off conditions such that the fall-off condition for T αβ is preserved by the action of the BMS group. This can always be done.
BMS charges at subleading order
An expression for the variation of an asymptotic charge in general relativity is given by Barnich and Brandt [14] (see also Ref. [27] )
where η is the alternating symbol with η urθφ = 1. The slash on the variational symbol δ signifies the fact that the variation is not, in general, integrable.
As is explained in section 5, the above definition is not unique. For example, it differs from the expression given by Iyer and Wald by an ambiguity, which vanishes for ξ an exact
Killing vector, as opposed to an asymptotic one. We find that the ambiguity vanishes also in this case, rendering all such charges equal.
The background of interest here, with metric g ab , is the class of asymptotically-flat spacetimes, as defined in section 2, which gives all the necessary ingredients to compute the charges, namely, the background metric g ab , given by equation (2.1) and the symmetry generators ξ a , given by equation (2.27) . In this case,
Plugging in the above expressions into equation (3.1) leads to a rather complicated expression of the form
The first term δ /I 0 in the expansion above has been derived in Ref. [15] , as we shall review below. Strictly, only this first term is defined at null infinity. Therefore, a definition of asymptotical flatness along the lines of Geroch [28] would simply not identify any further terms beyond the leading one, δ /I 0 . However, there is no reason why one should not consider the subleading terms and as we shall find below, this provides a direct relation between subleading "BMS charges" and the non-linear NP charges.
BMS charge at O(r 0 )
Barnich and Troessaert [15] found that
Significantly, the BMS charge is not integrable. This non-integrability is directly related to the flux of gravitational radiation, or "Bondi news," at null infinity [14] . The first term on the left-hand side, −2sF 0 , would be a conserved charge if there were no flux at infinity. −2F 0 is generally known as the Bondi mass aspect, and if s is chosen from the ℓ = 0 or ℓ = 1 spherical harmonics, the charge corresponds to the Bondi-Sachs 4-momentum vector.
It should be emphasised that the above separation into an integrable and non-integrable part is not unique. One could simply rearrange the terms differently, by moving some portion of the integrable part into the non-integrable part. However, the most significant aspect of the above exercise is that the BMS charge at leading order is non-integrable, and that this is related to the news at null infinity. In fact, one could ask whether the nonintegrable part in equation (3.5) can ever be set to zero for non-trivial parameter s. Clearly, this is only possible if and only if
This corresponds precisely to the absence of Bondi news at null infinity.
BMS charge at O(r −1 )
At the next order, a rather long but straightforward calculation gives that 4,5 
Similarly, at the next order, we find that
Assuming that 
Thus, at order r −2 , we have a situation that is analogous to the leading BMS charge. That is, for a general parameter s there is a non-zero integrable piece as well as a non-zero nonintegrable piece, presumably again related to a flux. However, given that the expressions above do not exist at null infinity as the boundary of the conformally compactified spacetime, the relation to quantities at null infinity is lost. Physically the best way to think about these quantities is perhaps that they are defined "close" to null infinity. For this reason we say that the non-integrable part is related to fake news at null infinity. While, the physical interpretation of the leading order BMS charge is clear, this is not the case here.
Of course, there is also the issue of the non-uniqueness of the split between the integral and non-integrable terms as explained before. It will become clear later why we have chosen the above splitting.
We have established that at O(r −2 ), we have a subleading BMS charge that is non- 
Thus, using equations (2.30), (2.32) and (2.20)
In order for the above term to be zero for an arbitrary symmetric, trace-free matrix C IJ , we conclude that
i.e. s is an ℓ = 0 or ℓ = 1 spherical harmonic, with
Next, consider the terms involving C I 1 . Analogously, we find here that the only relevant terms that can contribute are
Note that substituting equation (3.15) in the variation of C IJ (2.30) gives that
Furthermore, using equations (2.32) and (2.20), we find that the terms involving C I 1 then simplify to 19) which is a total derivative term and can thus be ignored.
Lastly, the only terms left to consider are those involving only C IJ . Using equation (3.18) , the only contributing terms are 
i.e. it reduces to a total derivative, which vanishes when integrated over the 2-sphere. Hence, we conclude that for s an ℓ = 0 or ℓ = 1 spherical harmonic,
Therefore, δ /I 2 is now integrable and hence we can read off the (unintegrated) charge from equation (3.12)
Up to total derivatives, the charge at this order is equivalently obtained by integrating
Equation (3.15) and the trace-free property of C IJ and D IJ then implies that in fact
In conclusion, there is no non-trivial integrable charge at this order. This result is similar in spirit to that obtained at the previous order, where we found that, while integrable, I 1 = 0 if we assume strong enough fall-off conditions for the matter fields.
BMS charge at O(r −3 )
Finally, we consider the next subleading term, which we shall later relate to the NP charges in section 4. A long but straightforward calculation gives that
In deriving this equation from (3.26), simple applications of the identity (B.5) are required, as well as the fact that the covariant derivatives in the round 2-sphere metric satisfy
As with δ /I 2 in section 3.3, we find that in general there exist non-integrable terms. As before, one may consider whether there exists some choice or choices of the parameter s such that the non-integrable part of δ /I 3 vanishes. We note that there are no Einstein equations for F 0 , C I 1 , D IJ or C IJ , and therefore we can consider terms involving each one of these fields in isolation, without loss of generality. 
Since C IJ is trace-free, it follows that the terms involving F 0 vanish.
Next, we consider terms involving C I 1 . These come from δ /I
(non−int) 3
where we have used equations (2.33), (2.21) and (2.30). Notice that the first term in the final equation above is a total derivative and can therefore be ignored. Furthermore, up to total derivatives, the second set of terms is equivalent to
where we have made use of equation (3.29) . Now, if this expression is to vanish for arbitrary C K 1 and symmetric trace-free C IJ , the symmetrisation on (IJ) of the terms in the bracket would need to be proportional to the round 2-sphere metric ω IJ . Contracting over the IJ indices determines the function of proportionality. In summary, we find that s must satisfy 
Assuming henceforth that s is an ℓ = 2 spherical harmonic, we proceed to investigate the terms featuring D IJ , which appear in the following terms
where, as before, we have used equations (2.33), (2.21) and (2.30). The first two terms in the final equation here are total derivatives, and so when integrated over the sphere they will give zero. Up to total derivatives, the remaining terms then give
Using equations (3.34) and (3.35), one can show that 
Equation (3.38), and the fact that C JK is symmetric and trace-free, then imply that
In summary, we find that the non-integrable terms in δ /I 3 vanish if and only if s is an ℓ = 2 spherical harmonic. Thus, we have an integrable charge, whose integrand can be read off from equation (3.28) . Using equation (2.7), this gives, for any ℓ = 2 spherical harmonic s,
which, up to total derivatives, is equivalent to
where we have used equation (3.34) . Hence, we have found a new integrable charge that is generally non-vanishing for arbitrary field E IJ . In the next section, we shall demonstrate that this charge has a precise correspondence with the NP charges.
Relating the BMS charges to the NP formalism
In this section, we relate the tower of BMS charges found in section 3 to the formalism developed by Newman and Penrose in Ref. [16, 17] . In particular, we show that the BMS charges at order r −3 are the non-linear NP charges discovered in Ref. [16] . Throughout this section, we use the notation of the Newman-Penrose formalism, which can be found in
Ref. [17] . 7
The Newman-Penrose formalism begins with a choice of complex null frame {ℓ, n, m,m}.
We choose the null frame defined in equation (2.10). Once a null frame has been chosen, we can form scalars by contracting tensors onto null frame components. Hencewith, 12
complex spin coefficients are formed by contracting covariant derivatives of the null frame vectors onto null frame components. The spin coefficients constitute information about the connection. For example,
parameterise geodesicity and shear, respectively, of the null vector congruence associated with ℓ. Moreover, we have scalars representing the ten degrees of freedom in the Ricci tensor, and the five complex Weyl scalars
With the fall-off conditions (2.2) and (2.14), we find that
The above property of the Weyl tensors is known as peeling [8, 9, 17] . Moreover,
In terms of the functions that define the metric components (2.2) and (2.5),
Defining the differential operators ð andð acting on a scalar of spin n [17, 29] 8
Furthermore,
10)
11)
Now that we have defined all the quantities in the language of Newman and Penrose we are ready to compare to the tower of BMS charges derived in section 3.
I 0 and BMS charges
The standard BMS charge is defined by 
is a total derivative. Thus,
Defining the integrable part of equation (3.5) to be
with s = Y ℓm and rewriting the above expression in terms of Newman-Penrose quantities gives
Comparing with equation (4.13) we find that the charge above is the real part of the BMS 9 Note that (C The integrability property of Q 0 in the language of Barnich-Brandt translates to its conservation along null infinity in the language of Newman-Penrose. The Bianchi identities, which are non-trivial in the Newman-Penrose formalism, imply that
Using this equation
Note that for ℓ ≤ 1, the first term is a total derivative since 10 20) i.e. it is a soft graviton term [3] , while in terms of functions of the metric components
i.e. the obstacle to the conservation of Q 0 is 22) which matches precisely with the non-integrable term in equation (3.5).
I 1 and ψ 0 1
Writing I 1 from equation (3.7) in terms of Newman-Penrose quantities gives
The Bianchi identities imply that In section 3.3, we found that choosing s to be an ℓ = 0 or ℓ = 1 mode, the non-integrable part vanishes and we are left with a candidate charge of the form (3.23) . In terms of
Newman-Penrose quantities,
Hence,
with ℓ = 0, 1. Using equation (4.20), we reproduce the result in section 3.3 that the integrable charge is in fact zero.
I 3 and NP charges
In section 3.4, we found an integrable charge at order r −3 as long as s is chosen to be an ℓ = 2 spherical harmonic. Translating the main result of that section, equation (3.42), into
Newman-Penrose language, and using the fact that
gives
Integrating by parts gives
Notice that the first term in the integrand above corresponds to the NP charges (see equation (4.19) of Ref. [16] ). The second term is not quite the complex conjugate of the first.
However, the combination means that we only have half the number of NP charges. Perhaps an easier way to see this is that in equation (4.28) , only the real part ofð 2 ψ 1 0 appears on the right-hand side.
Discussion
In this paper, we have established concretely the relation of the NP charges to the BMS group of asymptotic symmetries at null infinity and its associated charges. While the relation of the NP charges to the BMS group was argued for in Ref. [16] , even an explicit demonstration of the supertranslation invariance of the non-linear NP charges has been missing (see, however, Ref. [30] ). In particular, interestingly, we find that the NP charges appear at subleading 1/r 3 order in a 1/r-expansion of the Barnich-Brandt charge, which defines the standard BMS charge at leading order.
We have used the Barnich-Brandt definition of asymptotic charges, but this is not unique. For example, the Iyer-Wald definition [12] differs by a term of the form
In fact, as discussed in Ref. [26] , the above expression, with an arbitrary coefficient, represents a one parameter family of ambiguities. Our results in this paper are not affected by the inclusion of this term.
Curiously, we only obtain half the number of NP charges, owing to the fact that the In a future work, we will also investigate the tower of subleading BMS charges for the more realistic fall-off conditions at infinity [31] [32] [33] that do not preclude some physical processes, such as compact data close to spacelike infinity. These fall-off conditions are most relevant for current gravitational wave observations and the hope would be that this leads to the discovery of a quantity that is useful for gravitational wave analysis.
A Supertranslation invariance of NP charges
In this appendix, we demonstrate the supertranslation invariance of the NP charges in the language of Ref. [16] . The ten non-linear NP charges are given in terms of ψ 1 0 ,
We would like to investigate the effect of a supertranslation on the NP charges. Note that in terms of the metric components i.e. we conclude that the NP charges are invariant under supertranslations.
B Identities for tensors on the 2-sphere
For the calculation in section 3, it is useful to be aware of a number of identities satisfied by tensors on the 2-sphere. These are ultimately derived from Schouten identities in two dimensions. For example, for any symmetric traceless matrix X IJ , such as C IJ or D IJ ,
where ǫ IJ is the volume 2-form on the round 2-sphere. This can be derived from the fact that
where we have used equation (B.1) in the first equality and (B.2) a number of times in the calculation above. Hence, we derive the 2-dimensional Fierz identity
or contracting this equation with an arbitrary V L
Applying the above identity to the first three indices in X KI X J K gives
where X 2 = X IJ X IJ . Using the fact that X IJ is trace-free implies that
Similarly,
One may derive many other equations from identity (B.4) or equivalently (B.5) in a similar fashion to the derivations above. Turning now to ℓ = 2 modes, let us define the tensor Thus, if ψ is an ℓ = 2 harmonic, meaning that it satisfies − ψ = 6ψ, then T IJK = 0 and so 13
It follows also that it obeys
12 Of course if ψ = 0 then TIJ again vanishes and (C.1) also holds, but trivially in this case since ψ is then a constant. 13 An ℓ = 0 mode (a constant) also trivially satisfies (C.6). A function satisfying − ψ = 12 5 ψ cannot be smooth on S 2 and would violate the assumptions under which (C.5) was derived. Thus, such a function does not obey (C.6). It is interesting to note that the above identities generalise to higher dimensions, and here we record these for the case of a unit n-sphere. The analogous hyperspherical harmonics have eigenvalues − = ℓ(ℓ + n − 1). The ℓ = 1 modes ψ, obeying − ψ = n ψ, satisfy 9) and the ℓ = 2 modes, obeying − ψ = 2(n + 1) ψ, satisfy
(C.10)
These identities can again be proven by integrating the squares of the analogously-defined tensors T IJ and T IJK over the sphere. 
D Barnich-Brandt charge and the Einstein equation
where we have also used the fact that by symmetry,
Now arranging the last two terms in the first line of equation (D.3) above, and also using
which simplifies to
(D.7)
For now we ignore the terms in the first line in the equation above and focus on the terms in the second line. In fact, we shall demonstrate that these terms form a total derivative.
Performing explicitly the contraction in ab and using equation (3.3) , the terms in the second line become
The expression in the braces clearly vanishes when c = u or c = r. 
